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Five Layer Optical Maser Amplification

H. JACOBS, seEntor MEMBER, TEEE, D. HOLMES, F. A. BRAND, SENIOR MEMBER, IEEE,
AND L. HATKIN, MEMBER, IEEE

Summary—The optical maser is treated in the manner of a
Fabry-Perot resonator with an active medium. Five layers are con-
sidered: air, reflector, active medium (ruby), reflector, and air.
General equations are derived using the method of boundary value
problems in which it is assumed that incident coherent radiation falis
normally on the surface. It is suggested that the presence of loss-
less one-quarter wavelength reflectors will enhance the amplifica-
tion of the device in that less pumping may be required for a given
length of ruby. The role of the reflectors in oscillation conditions is
shown to be of importance. Methods are indicated for the calculation
of amplitude and phase for an idealized amplifier.

INTRODUCTION

ONSIDERABLE work has been reported on a
C three layer optical maser amplifier consisting of

air, ruby and air,! treating the system as a trans-
mission line, or boundary value problem in electro-
magnetic theory. Both approaches lead to the same
equations for amplification and oscillation. Further-
more, these equations are equivalent to those developed
by V. N. Smiley? for the same boundary conditions (sys-
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tem composed of air, ruby, air). In the latter work the
analysis was based on a Fabry-Perot structure contain-
ing an active medium. In the following analysis, the cal-
culations are carried further in that the multiple inter-
nal reflections in the reflectors are considered together
with the internal reflections in the active medium. The
optical maser amplifier is conceived as a five layer
structure consisting of air, reflector, active material such
as ruby, reflector, and air. General expressions are de-
veloped to represent transmitted gain in such a system.
The special case is then examined in which the reflectors
are lossless and are one-quarter wavelength in thickness.
This system is then reduced to an equivalent three layer
structure. Numerical calculations predict that for re-
flector materials with high dielectric constants and
negligible loss, the length of the crystal, or the pumping
power required for a given amplification, can be sub-
stantially reduced. One might have thought this pos-
sible since the quarter wavelength reflectors increase
multiple internal reflections which in turn provide a
superposition of waves resulting in greater power out-
put. However, other factors enter the situation. A criti-
cal length is calculated for a given negative attenuation
which produces maximum gain or oscillations. At lower
values of length the gain in transmission increases with
length. As the length increases beyond the critical value,
the transmitted gain decreases.

Calculations are also made on the phase shift of the
transmitted electric field compared with incident elec-
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tric field. It is shown that the phase angle of the output
wave at first lags that of the incident wave with increas-
ing length, but beyond the critical length of oscillation
or maximum gain the output actually leads the incident
wave with increasing length. This is the same effect as
if a wave in the active medium started on the output
side and grew as it traveled in the reverse direction to
the front surface. This phase effect is consistent with
the fact that at very large lengths the transmitted wave
approaches zero, while the reflected wave approaches an
asymptotic limit dependent upon the impedances seen
at the front surface.

In the following work an analysis is made indicating
a method of designing an amplifier system consisting of
multilayers. Consider an amplifier or oscillator with the
following design. We have five layers as indicated in
Fig. 1, each layer being infinite in the x, y plane and
finite in the gz direction. Region I refers to air, region 11
is a reflector, I1I a distributed negative conductivity
medium such as an optical maser material, 1V a re-
flector, and V air again. A general treatment of mul-
tiple layers is given by Weinstein.* However, for this
particular system, one of the specific methods of cal-
culating the ratio of transmitted electric field to in-
cident electric fields together with phase shift will be
described.

The equations for wave motion in each medium are
given as follows, assuming a time variation of e/!
where w is assumed to be a constant angular frequency.

In medium I,

E, = Eie %7 + Lyeifo: (1a)
and
_._HI = _].ég (Emé’_"ﬁoz — EReJBOZ); (1b)
oo
in medium 11,
E, = Ee + Esev (10
and
v
~H, = —— (E1e77" — FEge"?); (1d)
Joou
in medium III,
E,, = Ege_rz + E4(3F: (le)
and
T
,__Hx = — (Ese—rz _ E46FZ); (1f)
Jwu
in medium IV,
Ey = Fye " 4 Ee@” (lg)

¥ W. Weinstein, “The reflectivity and transmissivity of multiple
215217 coatings,” J. Opt. Soc, Amer., vol. 37, no. 7, pp. 576-781; July,
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Fig. 1—Five layer structure for optical maser amplifier consisting of
air, reflector medium, active material such as ruby, reflector and
air. The incoming wave is assumed to be at normal incidence and
single frequency. The dimensions are infinite in the x, y plane.

and
v
*H,; = (Ege*” — EGC”); (1h)
Jwu
and in medium V,
Ey = E(JG_JBO (11)
and
68
—H, = ——0 EQG—J’SO. (lj)
Jwu

Next we assume the following boundary conditions.
At each interface the £ fields are equal on both sides of
the boundary and the H fields are equal. For instance,
at g=0,

Ep— Ei — Ey+ Ei = 0,

and

—JjBoEr — YEy 4 vE» — jBiEsn = 0; (2a)
at s=A,

Eie  Faerd — Eye™ — [t = ()
and

’yEle"YA - ')/Ege“ — PE:{G_FA -+ TEel? = 0, (2b)

at z=A4,
Ege T Q+D b FelHD — EevOGHD . FovQ4+D = ()
and

TEe TAHD — TRl @D — pB g (34D
+ vEeer @0 = 0; (2¢)
and at z=A-+/44,
Ese—? OHHD) | FuevaHibs) — B o—iBo(A4148) = ()

and

yEse AT — pFoer D — 8 Bigmiboa+1D) = (. (2d)
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Upon solving these equations simultaneously, we obtain
the following equation for the ratio of electric field in-
cident to the electric field appearing at the outer surface
(A+1+49) in free space,

B cosh T/ [cosh vA cosh év
V? + : 2
—— (78v) cosh yA sinh »é
2iBw
: o+ (j80)?
-+ 1—@)— sinh yA cosh »é
2580y
vt )
sinh yA sinh v6:|
2vy
1/7T 8
+ sinh T l:—— <.—~ -+ ]—U> cosh yA cosh »8
2 ]BU I
T2 4 »?
+ ———— cosh yA sinh »$
2Ty
r2 + 42
— sinh vA cosh vé
2Ty
iBoIM)?2 + (y»)?
(o —?——(ll sinh vA sinh W{l’ (3)
2780 yv

where E = Ey e oA+

If we assume the mirrors are of equal thickness,
A =3, and furthermore, of identical materials, v =", we
obtain

2+ (jB0)*

cosh vA sinh yA
7By

Ein )
—F— = cosh T/ I;cosh2 vA +
. . Ly 580
-+ sinh?® 'yA:| + sinh I'l| —| — +— ] cosh® yA
2\j8 T
r2 + y?
—— cosh yA sinh vA
Iy

(J8oT)? + 7* :|

—— sinh? yA 4)

2jBoTy?

where E; is the incident electric field at =0, I'=a+38
is the propagation constant in medium II1, which will
be the optical maser material, ¥ =» refers to the propa-
gation constant of the reflectors, 6=A refers to the
thickness of the reflectors, 8, is the phase constant in
air in media I and V, and E, is the output field in
medium V at the distance z=A-/-+0.

In (1)-(4), v would be generally complex, i.e.,
v=o/+7B', the real part representing the loss. If the
mirrors are assumed lossless, o =0 and only jB’ remains.
It is to be noted further that in the optical maser ma-
terial where I'=a+jB8, a will be negative indicating a
negative conductivity and growth of the electric field
as the wave traverses the material.
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APPROXIMATE EQUATIONS FOR GAIN WITH
QUARTER WAVELENGTH REFLECTORS

Next we consider certain simplifying assumptions
which will facilitate the use of (4) where a specific nu-
merical example is applied. Physically, we first assume
that the mirrors are lossless and hence wave properties
in this medium are only dependent upon length and
B8 =w+/u€, where € is the permittivity. Secondly, we
shall assume the length A=%4\', where N\’ is the wave-
length in the material. In (4) we shall define y=7v" as
the propagation constant in the medium of the reflector.

For lossless reflectors, .e., media II and 1V,

ya—iga—jm X o )
N4 2
and
cosh? j % =0, sinh2j12r~ = -1, (6)

Now substitute (5) and (6) into (4) obtaining,

E, -1
Em L (G8D)? + o -0
cosh I'l + —[-—— —i| sinh I'/
2 ]ﬁor’Y2

Next we can make a comparison with the case of a ruby
amplifier with no reflectors, i.e., A=0. This was previ-
ously described* as a three layer amplifier consisting of
an air, ruby, air system. For the case of no added re-
flectors, the latter system was analyzed to give

E, 1 ©®
B 1 T Yo
cosh I'l + —~[— -+ —] sinh I'/
2 Yo T

in

where I' = a+8 for the ruby, v, =7f is air, ! 1s the length
of the ruby crystal, E;, is the electric field incident on
the front surface and E, is the transmitted output field
in air at 2=1.

Comparing (7) and (8) we see that the same general
form occurs. The difference between the two equations
lies in two factors. First, the negative sign indicates a
180° phase shift which is related to the addition of
quarter wavelength lossless reflectors. Second, the
coefficient of the sinh I'l term in the denominator of (7)
appears different from that in (8). However, this can be
rewritten as,

i[@iﬁjﬁ] _ i[iﬂol‘ j_]
2L 2jBTy? 2L 4% jBT

1 [yel v
=— [L + ———], ©)
2Ly 4ol

4 H. Jacobs, D. A. Holmes, L. Hatkin, and F. A. Brand, “Maxi-
mum gain for forward- and backward-wave optical maser amplifiers,”
J. Appl. Phys. vol. 34, pp. 2617-2624, September 1963; H. Jacobs,
R. A. Bowden and L. Hatkin, “On an active interference filter as an
optical maser amplifier,” Proc. IEEE, vol. 51, p. 933, June, 1963.
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where 4278, is the propagation constant in air, 7y is the
propagation constant in the reflectors, and I' is the
propagation constant in medium III, the active region.

As a check, it can be noted that when y=-y,, (7) re-
duces to (8). Thus we have formulated the case of the
five layer problem in such a manner that it is similar in
form to the three layer case and may be treated more
simply. Eq. (7) may now be rewritten as

E, —1
= ;o (10)
Ein 1 r v /ve] .
coshTl+ —| ——+ sinh T'/
2 Ly¥/vo
where

A
——j—
Yo Bo

Now we shall utilize the fact that the form of (10) is
the same as that used in the previous study of the three
layer problem.* First consider

[ e Jer
1/2 Z 1 T 2/
—(Z+2) =S an
2 \Zo Los 2 | Jou ]_wli {
L 7*/70 r
where
Joou Joou
02 = —T ZOl =
7“/’)’0
Then

1 /720 Zu 1L /v* /v r
ML) @
2 \Zn A 2 r 72/70
We have reduced the five layer case to the three layer
form assuming an intrinsic impedance in the ruby Z,
and an artificial impedance Z at the boundary. We

shall refer to Zy as Z in the remainder of this paper.
In addition, let Zys=X 477, so that

1 /7y Z 1 /X447 Z
ﬂ<“+~ﬂ>:—< =+ ,>, (13)
2\Zo  Zos 2 zZ X 44V
and
jwop Bou . awu
Zop =2 = P S
ati8 o+ o + B2
For a8,
Wi wua «
‘YZ—'—v YZ——O—:—‘X, (15)
8 5* B
and
. 1 —
7 = Jou Wi ~_=#“,/‘/i’ (16)
Yo wlue/wv ue €r €
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where ez’ is the dielectric constant of the lossless re-
flector and e, is the permittivity of {ree space. Note that
previously, in the three laver case, Z =+/u/¢€. Further,
in the five layer case,

Wi
X !
X__ B __ = an
Z 1V/~L Ver
er’ €
Y e X a  eg
=22 R (18)
VA 8 7 B8 Ver

where € is the dielectric constant for ruby (or the active
medium III) and ez’ is the dielectric constant of the
lossless reflector media (II and IV). Having determined
X/Z and Y/Z, (17) and (18) can be used to find

1 /Z0e Zun
_ e
2\Zy Zoe

Eq. (13) can then be substituted into (10) and the mag-

nitude EO/E,n| 2 can be found:
l o = { [cosh af cos Bl + K sinh al cos 5l
— K cosh al sin I]?
+ [sinh alsin 81 4+ Ky cosh ol sin BI
+ K. sinh o cos g1]2} ! (19)
where

XX+ P+ 2) I (O RN )
o ’ Tzt 1y

22(X2 + V)2

This procedure is similar to that already described in
Jacobs, et al* It can be shown that for ]a]<<6, K,
=4(Z/X+X/Z), or

1 €RI2 —I‘ €R
2 Verer

K_Ki(:‘i Z)_a[&w—@
T x2\z x) B m}

CONDITIONS FOR OSCILLATION

K1 - Y (20)

and

(21)

As previously indicated, the criteria for maximum
gain® or oscillation is given by

coth of = — Ky, (22)

where « is the negative attenuation constant, ! the
length of the active medium III, and K, is a function of

& It turns out that for short lengths and large « values, a finite
gain is obtained at the point of maximum gain for a given al. How-
ever, as the length is increased, ol is constant (1.285 for ruby) for
maximum gain, and the gain increases to infinity. This is then con-
sidered as an oscillation.
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dielectric constants (20), with the assumption that 12 M:Z‘;l)“:l ?ngae
| o] «B. Rewriting (22),
_ 1.0}
—2+/er er’
tanh aly = ————) (23)
(GR )2 + ¢r 0.8} ,
€R=N€g
where the subscript 5 on the left side of (23) denotes & . sty TANHaL, (et )
that we are referring to the five layer problem, that is, = TANHaty  pfe 4y
the ruby with quarter wavelength lossless reflectors. By 04
comparison, for the three layer case with no reflecting
mirrors, 02
N_\
—2v e
tanh aly = ———"eR T (24) 0 570 30 40 S0 60 7o 80 80 100

is the criterion for oscillation. It is of interest to note
that (24) is in agreement with the work of Maiman and
of Smiley.?

In (23), if we let €z’ = ner, so that n is the ratio of the
dielectric constant of the mirror to that of the ruby, we
find

tanh als 1](6R -+ 1)
tanh ods  nZer + 1

p= (25)

This indicates that for high 5 values p can become con-
siderably smaller than one, and |al| <|al| for oscilla-
tions. This has the desirable feature that when reflectors
are used, either the pumping (} al ) can be smaller or the
length smaller. Similarly, high amplification can result
at lower ol values for reflectors with large values of 7.

As an example of the use of (25), Fig. 2 illustrates
how p changes as a function of 5. For practical purposes,
materials with an % value near 2 are readily available,

More specifically, let us consider the theoretical oscil-
lation point for the case of zinc sulfide films one-quarter
wavelength thickness on the end surfaces of a ruby rod.
Here +/ex=1.765 for ruby, and +/ex’ =2.368 for zinc
sulfide. Hence, {or the three layer case, by (24)

tanh al; = — 0.8578
aly = — 1.285 (26)
for oscillations and,
tanh als = — 0.5728
aly = — 0.6517 27
or
aly
a—l?: = 0.535. (28)

This indicates that the oscillation point for the zinc
sulfide coated crystal would require about half the value
of length of ruby crystal or half the negative attenuation
(measure of pumping power) of that needed by the three
layer system.

Recognizing that the above approach to the calcula-
tion of the oscillation condition can be shown to be
equivalent to the condition postulated by Smiley,

Fig. 2—The ratio
tanh «lj

p= tanh od;

as a function of n. The term tanh ols indicates the value required for
maximum amplification or oscillation of a five layer system. The
tanh ol; term is that required for a three layer system. In this
case we refer to a five layer system with lossless quarter wave-
length reflectors the dielectric constant of which is ¢z’ =neg, where
eg =the dielectric constant of the active region (medium I1I).

further concepts can be developed. In Smiley’s analysis,
the criteria for oscillation was

Rpe 4 —1=0 (29)

where I =2«, and Rp was the reflection coefficient for
power when considering an electromagnetic wave in the
ruby striking the reflector and being partially reflected
back into the ruby again. Now /R can be defined as

— ZOI—ZOZ
'\/RP = [ :|7
Zo1+ Zos

where Zg» is the impedance of a wave in ruby and Zn
(or Z) is the impedance that the wave sees at the bound-
ary entering the reflecting coating.

By (30) and the analog set up in (11) through (17),

(30)

Jou  Jou
— 2/ o r I' — v%/ve
'\/RP = . R = l: N }) (31)
Jou | jer ' 4 v*/vo
v/ vo r

v=733" in the re-
in the ruby and

where I'=a-+78-—j8 in ruby as a—0,
flector and y,=76, in air. For a—0
o' =0 in the reflectors,

(e

]5‘“]7),)-
\/‘E;=———(~67°)-;, (32)

8

0

where B=w+/ues in air, B/ =w/uer’ € in the reflector,
B=w~/uere, in ruby, and

Ver — e’

Rp = ———r - 33
v vV er + er’ (33)
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Here (33) is of the same form as if the ruby were im-
bedded in a dielectric medium ez’? of infinite extent. We
conclude that placing quarter wavelength coatings on
the optical maser crystal has the same effect on internal
reflections as if the dielectric ez’? were infinite in length
when considering oscillations in the active material,
medium II1.

THE ROLE OF QUARTER WAVELENGTH
REFLECTORS ON AMPLIFICATION

‘For fozl <&, in the ruby crystal, it is possible to postu-
late a conductivity such that

iy (34)

[+2 o
a=—Fyp, or -— /‘
2 2
or for larger a values, one can use the more exact equa-
tions which relate « and o,

€0€R

1

a == 5 {—atuet [(udr + (an]ej e (39)
1

8=+ \—/5 {—I—w‘“’ye + [(wke)? + (awy)z]llz}”?. (36)

In the previous work, using values of ¢= —3000 in

(34), the transmission coefficient E,/E,, was calculated.
This was checked by using the more exact form of (35)
and (36) and substituting in (8). The magnitude of
E,/E;, as well as its phase angle could thus be deter-
mined. Computer data are shown in Figs. 3 and 4.
In Figs. 5 and 6, we see the result for the same value
for 0= —3000, but with quarter wavelength reflectors
added with +/ex’ =2.368. The oscillation or maximum
gain point has moved to the left as predicted for the five
layer case. This also results in increased gain for the
amplifier, in which case operation usually occurs to the
left of the oscillation point, i.e., || < | max]| -

In dealing with experimental optical masers, the
values of « are always lower and the length / longer than
indicated in the computer data.

In almost all previous reports on amplifiers where
longer lengths were used in order to match conditions
for specific experiments, information could be obtained
about the specific length chosen, such as gain, band-
width, etc. But in concentrating on a single region,
much information was lost which could otherwise be
obtained by compressing the length and increasing [a] .
The data in Figs. 3, 4, 5, and 6 show over-all trends not
previously recognized. For instance, the maximum
points are indicated and the decline in transmission is
shown as [ is increased. Furthermore, the relationship
of phase angle being first negative in slope and later
positive in slope with respect to increasing length of
ruby is clearly shown.

Although the computer data shows only general
trends, the exact equations developed can also be used
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to study the situation when || is smaller as in the case
of specific experiments. We shall next show how « can
be more accurately calculated using typical data ob-
tained in experiments. As an example, let us consider
the following: assume a ruby crystal of 0.025 m length
that has given power gain of 2 in light intensity at a
single frequency w of light passing normally into the
front surface of an amplifier using no reflectors. Using a
former theory,® which did not take into account any
multiple reflections,

I = e (37)

where [ is the intensity; if 7/I,=2,1=0.025 meter, then
a would be calculated as —13.3. For the three layer
case,*

1

GP = - R 1)
[(cosh od + K, sinh ad)? 4 (K3 sinh ad)?]

(38)

if Gp=2,1=0.025 meter, « would be equal to —11.26,
a smaller value due to multiple internal reflections. In
this case,

24 er
er + 1

We conclude that the determination of Ia[ is less when
considering multiple reflections than would be estimated
by assuming single pass amplification.

For the five layer case with zinc sulfide quarter wave-
length reflectors added, for a gain of 2, & would be ap-
proximately —7.028. Using (38) for this calculation,

Kg-—)o, Kl——)

24/ €r e’

(er')? — er

K1=

taking into account the presence of the reflectors, and
K,=0 for ]al <. This indicates that if the zinc sulfide
reflectors of quarter wavelengths are added, the pump-
ing required (which is related to |«|) could be consider-
ably reduced.

It was first thought that silver mirrors partially trans-
mitting could also be added to increase amplification,.
It was calculated, however, that due to the losses in
silver, amplification would not be enhanced. In Figs. 7
and 8, we see that due to the presence of silver, the gain
has actually decreased for a o value of —3000 com-
parable with the other figures. It should be pointed out
that the case of silver mirror reflectors has been com-
puted using (4) and assuming the bulk conductivity of
silver in the complex propagation constants even for
small values of thickness. Many other calculations with
silver mirrors have been tried as well as experiments. In
all cases, except where the silver coated rubies oscillate,
the amplification was decreased due to the prescence
of silver when compared with uncoated ruby.

8 P. P. Kisliuk and W. S. Bovle, “The pulsed ruby maser as a
light amplifier,” Proc. IRE, vol. 49, pp. 1635-1639; November, 1961.
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Fig. 3—The magnitude of E,/E.. (the ratio of output field to in-
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cident field) for a three layer amplifier consisting of air, ruby, air,
with the incoming wave at normal incidence. The active region
is assumed to be ruby, w=2.714X10% and ¢= —3000. Units of
length are normalized where [ is the length of active medium and
A the wavelength in the same material. As |a| decreases, the
length for maximum gain increases as well as the magnitude of
gain.

T

PHASE ANGLE VS X
Ar5-0 .
o =~ 3,000 (OHM - METER)
3 MEDIA, AIR- RUBY-AIR

IERAERRRRSARER

TT

08

[X]

AR RN

-08

-12

IDRRERAERRRASAR

~

L

Fig. 4—The phase angle of Eo/E.. for a three layer system consisting

of air, ruby and air. Here ¢ = —3000, 0 =2.714 X10% as in Fig. 3.

Fig. 5—~The magnitude of E,/E.n for a five layer system consisting of

air reflector, ruby, reflector and air, as a function of length of the
ruby crystal. The reflectors are assumed to be on quarter wave-
length in thickness and made of lossless zinc sulfide for which
Ver'=2.368. For comparison, the ¢ in ruby is maintained at
—3000 as in Figs. 3 and 4, and the frequency is assumed the
same. E., is the incident electric field in air and E, is the
output field in air adjacent to the far side of the second reflector.
Units of length are normalized where ! is the length of the active
material and A is the wavelength in the same medium.
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Fig. 6—The phase of E,/E., as a function of length in
the five layer system shown in Fig. 5.
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Fig. 7—The magnitude of E,/E.. vs length for a five layer system
consisting of air, silver film, ruby, silver film and air, as a function
of length of the ruby crystal. To compute the propagation con-
stant in silver, the bulk conductivity of silver was used. The
value of o= —3000 was again tried for ruby for comparison
purposes and the thickness of the silver films assumed to be 1/10
of an electric field skin depth. Results indicate a considerable
loss for the amplifier over all film thickness values computed due
to losses in the metallic film.
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Fig. 8—The phase angle of E,/E,, for the same case
described by Fig. 7.
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CONCLUSIONS

Calculations have been carried out which indicate a
possible approach to the design of laser amplifiers using
reflective coatings. It is suggested that odd multiple
quarter wavelength reflectors will enhance the amplifica-
tion characteristics of optical masers, providing the di-
electric constant of the reflector is higher than that of
the active medium. Conditions for oscillations are de-
rived which are in agreement with previous work.
1dealized conditions are used, such as single frequency,
planar boundaries and homogeneous media. However,
by using these conditions as a starting point to calculate
gain and phase and to make comparisons of different
structures, much can still be learned.

The fact that the gain should decline for long laser
rods has come out of the calculations here in a manner
consistent with previous reports.? Furthermore, this is
implied in the equations given by Smiley although he
did not specifically discuss the matter. The exact physi-
cal mechanism of this effect is not yet clarified. How-
ever, the authors are currently studying this effect from
an impedance matching point of view. It is expected
that the asymptotic value of reflection coefficient (re-
flected gain) can be deduced by the impedance that an
incoming wave sees at the front surface of a long line
with distributed negative conductance and that the
transmitted wave can also be described by impedance
matching concepts. Work is continuing on this aspect
at the present time.

APPENDIX

ELECTROMAGNETIC CONSTANTS FOR RUBY
OpTIcAL MasSER (MKS UNITS)

¢ = 2.998 X 108 we = 7.481 X 10*

Nair = 0.6943 X 105 = 1.597 X 107

ﬂruhy =
ruby

Arby = 0.3934 X 1078 Zy; in air = 376.7

f=4.319 X 101 p = 1257 X 1078
w = 2714 X 10 L~ 106.75
WEAryby
wp = 3.416 X 10° a = 106.75¢ for ruby
€ = 8.85 X 10712
_ 8 1.5 X 10°
+/er = 1.765 for ruby — | =
a | o]
27
€ — 3115 ﬂo = - = 906 >< 105
€ = €eréo o = effective conductivity
= 2,757 X 10t
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